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Stability Sensitivity Analysis of a Helicopter Rotor

Joon W. Lim* and Inderjit Choprat
University of Maryland, College Park, Maryland

A sensitivity study of blade stability in forward flight for a hingeless rotor with respect to design variables is
carried out using a direct analytical method. Design variables include nonstructural mass distribution (spanwise
and chord wise), chordwise offset of center of gravity, and blade bending stiffnesses (flap, lag, and torsion). The
formulation for blade steady response is based on a finite-element method in space and time. The vehicle trim
and blade steady response are calculated iteratively as one coupled solution using a modified Newton method
(coupled trim analysis). Eigenvalues corresponding to different blade modes are calculated using Floquet
transition matrix theory. The formulation for the derivatives of the eigenvalues with respect to the design
variables is implemented using a direct analytical approach and constitutes an integral part of the regular
stability analysis. For the calculation of the stability derivatives with respect to a total of 30 design variables,
there is an 85% reduction in CPU time using the direct analytical approach compared to the frequently adopted
finite-difference approach. A parametric study showed that nonstructural mass and chordwise blade e.g. offset
of outboard elements, and lag bending stiffness of inboard elements, have powerful influence on blade stability.

Nomenclature
B = characteristic exponent
C = global perturbation damping matrix
c - blade chord
Cd> Q> Cm = blade section drag, lift, and moment coefficients,

respectively
D = design variables; Dj, j = \,...,n
Ely, EIZ = blade flap and lag, respectively, bending stiffness
CA> £d = chordwise offset of tensile axis and aerodynamic

center, respectively, from the elastic axis (positive
forward)

/ = vehicle equilibrium equations
GJ = blade torsional stiffness
K,M - global perturbation stiffness and mass matrices,

respectively
k,m = normalized perturbation stiffness and mass

matrices, respectively
m^ wins = baseline and nonstructural mass per unit length
n - number of design variables
p = normal mode coordinates
q = blade global coordinates
T = time period of one rotor revolution, 2?r rad
Vt — vehicle trim parameters
X = state variables of normal mode coordinates
y$* yns = chordwise offset of baseline blade e.g. and

nonstructural mass, respectively, from the elastic
axis (positive forward)

oik = real part of eigenvalue of the kth mode
as - longitudinal tilt of shaft (positive forward)
\l/ = azimuth angle, tit
a = solidity ratio, Nbc/irR
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f> = transition matrix of perturbation equations
$ = modal matrix
</>5 = lateral tilt of shaft (positive advancing side down)
0 75 = collective pitch angle at 75 % blade span
0ic»0i5 = longitudinal and lateral cyclic pitch angles,

respectively.
\k = eigenvalue of the kth mode
UK = imaginary part of eigenvalue of the A:th mode
fji = advance ratio

Introduction

W ITH an enhanced understanding of the dynamics of
rotary- wing systems, it is now becoming feasible to

apply modern structural optimization techniques to reduce
vibration, hub loads, and structural bending and to improve
performance and aeroelastic stability margins. The potential
of aeroelastic optimization is further expanded with the appli-
cation of advanced composites, which permit great flexibility
in tailoring structural characteristics. Recently, some selected
attempts have been made to apply aeroelastic optimization
to the rotary-wing field.1'9 In spite of numerous restrictions
and assumptions embedded in these investigations, these pa-
pers showed the potential of aeroelastic optimization to rotor
systems.

Aeroelastic optimization of the system consists essentially
of calculating the optimum values of the design variables that
minimize the objective function and satisfy certain aeroelastic
and geometric constraints. One of the key elements of an
optimization study is the design sensitivity analysis. This in-
volves calculation of the sensitivity derivatives of the objective
function, such as hub loads, structural bending, and blade
response and of aeroelastic constraints, such as eigenvalues.
Rotor dynamics is complex and involves nonlinear inertial,
elastic and aerodynamic forces. Therefore, it is important to
carry out the sensitivity analysis as efficiently as possible for
the rotor optimization problems. Adelman and Haftka10 have
given a general survey paper on the sensitivity analysis of a
discrete structural system, where the importance of the calcu-
lation of design sensitivity derivatives in structural optimiza-
tion problems is stressed. Existing rotor optimization studies
use finite-difference methods to calculate gradients and there-
fore require a substantial computational effort to obtain an
optimum solution. Because of prohibitively large computation
time, most of the studies are restrictive in terms of objective
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functions, dynamic constraints, and number of design vari-
ables. Recently, Celi and Friedmann9 addressed this issue by
building a sequence of approximate optimization problems.
This method reduced the total number of function evaluations
in the optimization process. In Ref. 11, the authors have also
addressed this issue by developing a computationally efficient
procedure to calculate gradient information of blade response
and hub loads with respect to structural design parameters.
This procedure was formulated by coupling a direct analytical
approach with a finite-element method in time. The sensitivity
derivatives of steady response and hub loads constitute an
integral part of the basic trim and response calculations, and
these were calculated at a fraction of the computation time
required in the frequently adopted finite-difference approach.

The present paper formulates the stability sensitivity analy-
sis of a helicopter rotor blade in forward flight for an aeroelas-
tic optimization. A systematic parametric study is carried out
by redistributing structural and inertial characteristics of the
blade. Design variables include spanwise and chordwise distri-
bution of a nonstructural mass, chordwise offset of blade
center of gravity, and blade bending stiffnesses (flap, lag, and
torsion). Using a direct analytical approach, derivatives of
eigenvalues corresponding to different blade modes with re-
spect to design variables are derived from Floquet transition
matrix theory and constitute an integral part of the regular
stability analysis.

For effective stability sensitivity analysis, one needs a reli-
able analysis procedure to determine steady response and sta-
bility of a rotor system in forward flight. Over the years, there
have been several contributions to the development of a reli-
able procedure for rotor dynamics analysis.12'13 The coupled
rotor dynamics analysis used in the present study is a compre-
hensive code developed at the University of Maryland and is
based on a finite-element method in space and time.14'15 This
analysis consists of two major phases: vehicle trim and rotor
steady response (coupled trim analysis) and aeroelastic stabil-
ity of the blade. The vehicle trim solution determines the
control settings and vehicle attitude for the prescribed flight
condition. The trim is characterized in terms of five rigid-body
nonlinear forces and moments equilibrium equations, which
are coupled with rotor equations. The steady response in-
volves the determination of time-dependent blade deflections
at different azimuth positions for the time period of one
complete cycle using finite-element method in time. The vehi-
cle trim and blade steady response are calculated iteratively as
one coupled solution using a modified Newton method. For
the aeroelastic stability solution, the linearized blade perturba-
tion equations are transformed to the normal mode space, and
then blade damping is calculated using Floquet transition ma-
trix theory.

Analysis
The rotor dynamics analysis is based on a finite-element

method in space and time. Each blade is assumed to be an
elastic beam undergoing flap bending, lag bending, elastic
twist, and axial deflections. The blade is discretized into a
number of beam elements. Each beam element consists of 15
degrees of freedom. Between elements, there is a continuity of
displacement and slope for lag and flap bending deflections
and a continuity of displacement for elastic twist and axial
deflections. The analysis is developed for a nonuniform blade
having pretwist, precone, and chordwise offsets of blade cen-
ter of gravity (e.g.), aerodynamic center, and tensile axis from
the elastic axis.

Aerodynamic loads are obtained based on a quasisteady
strip theory approximation. The noncirculatory loads based
on unsteady thin airfoil theory are also included. For the
steady induced inflow distribution on the rotor disk, the Drees
linear inflow model16 is used.

The analysis involves calculation of trim, and then calcula-
tion of blade damping. From the coupled trim analysis, con-

trol settings, vehicle attitude, blade steady response and hub
loads are determined. Then, using Floquet transition matrix
theory, rotor blade damping and its sensitivity derivatives are
obtained.

Coupled Trim Analysis
Coupled trim analysis in forward flight consists of vehicle

trim (propulsive), blade steady response, and hub loads calcu-
lation. The trim solution is calculated from the overall non-
linear vehicle equilibrium equations: three force equations
(vertical, longitudinal, and lateral) and two moments equa-
tions (pitch and roll). The yawing moment equilibrium equa-
tion is not included since the yawing angle is considered to
have small influence on rotor response and stability solutions.
For a specified advance ratio n and weight coefficient cw, the
propulsive trim solution determines pilot-control settings (0.75,
0ic> 0is) and vehicle attitude (a5, </>5).

The blade steady response solution involves the determina-
tion of time-dependent blade deflections at different azimuth
locations. This steady response solution is calculated using a
finite-element method in time, which is formulated from
Hamilton's weak principle. The blade steady response equa-
tions are nonlinear periodic equations. For the response solu-
tion, the time period of one rotor revolution is discretized
into a number of time elements, and then the periodicity
of response is imposed on the assembling of finite-element
equations. To reduce computation time, these equations are
transformed to the normal mode domain using the coupled
natural vibration modes of the blade. Then, the steady re-
sponse is calculated from the nonlinear algebraic normal mode
equations.

The hub loads are then obtained using a force summation
method. For this, motion-induced aerodynamic and inertial
loads are integrated along the blade span to obtain blade loads
at the root, and then summed over all the blades to obtain the
rotor hub loads.

The vehicle equilibrium equations show inherent couplings
between a rotor and fuselage of a helicopter. For a coupled
trim solution, the propulsive trim solution based on rigid flap
rotor dynamics is used as an initial guess at first iteration and,
in the subsequent iterations, vehicle trim and rotor response
are calculated as one coupled solution using a modified New-
ton method. It is noted that the overall vehicle forces and
moments equilibrium equations are always satisfied by a con-
verged coupled trim solution.

For the coupled trim analysis, the nonlinear vehicle equi-
librium equations can be linearized about the vehicle parame-
ters using a Taylor series expansion such as

(1)

where vehicle trim parameters Vt are defined as ast <t>S9 075 ,
die, and 0 l5, and / implies the vehicle equilibrium equations
(refer to Refs. 17 and 18). The increment of the vehicle trim
parameters is given from the preceding equations in the fol-
lowing form:

Table 1 Baseline hingeless blade structural properties

Ely/mo&R4 = 0.01080
EIz/mo&R4 = 0.02680 (soft)

= 0.14400 (stiff)
= 0.00615

kA /R = 0.0290
km\/R = 0.0132
km2/R = 0.0247

(2)
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The df/dVt is a Jacobian (tangential) matrix. This Jacobian
matrix is calculated by a forward finite-difference approach.
To reduce computation time, a modified Newton method is
adopted. Hence, the Jacobian matrix is saved in the first
iteration step. The vehicle trim parameters Vt can be calcu-
lated iteratively using

y(n) = y(n-l)
(3)

where n is the step of iteration. For a converged solution,
AF,(W) becomes nearly zero. In the coupled trim analysis, the
blade steady response XG, as well as the vehicle trim parame-
ters Vt, must be converged at the same time. For a completely
converged solution, the following must therefore be satisfied:

^ (4)

Blade Perturbation Equations of Motion
The perturbation equations of motion are obtained by

linearizing the blade equations about the blade's steady de-
flected position. The resulting perturbation equations can be
written concisely as

Mdq + Cbq + K5q = 0 (5)

where M, C, and K are the global finite-element perturbation
matrices. To reduce computation time, these equations are
transformed into the normal mode domain using the coupled
free-vibration characteristics of the blade about the mean
deflected position. For this, the displacement vector can be
written as

q = (6)

where the matrix <f> contains m columns, each respectively
representing a particular mode. Substituting this displacement
into perturbation equations, one would obtain the following
normal mode equations:

p + kdp =0 (7)

where

k =

The normalized perturbation matrices contain periodic coeffi-
cients and also are not diagonal since these contain motion-
dependent aerodynamic forces. For the stability analysis, the
preceding equations are transformed to the first-order form:

(8)

where

0
— m~lk —m~lc

These are 2m linear equations, where m is the number of
normal modes.

Aeroelastic Stability Analysis
The aeroelastic stability of the rotor in forward flight is

formulated using Floquet transition matrix theory. Let us
consider the blade perturbation equations in the first-order

The transition matrix has the following properties19:
Property 1 (definition):

form with periodic coefficients. By definition, the state transi-
tion matrix $, which is sometimes called the fundamental
matrix, must satisfy these linear differential equations with the
initial conditions of an identity matrix,

(9)

(10)

(11)

(12)

Property 2 (path independence):

Property 3:

The matrix A is a continuous periodic matrix with a period of
T, such as

(13)

If $(\l/,\l/0) is a state transition matrix for linear differential
equations, then a constant nonsingular matrix B exists such
that

(14)

Note eBT is called the characteristic multiplier and the matrix
B is referred to as the characteristic exponent. Using Eq. (9),
this relationship can be easily proved as follows:

and this shows that *(^ + T, \l/Q) also satisfies the linear differ-
ential equations. The characteristic multiplier eBT can be a
measure of stability since the growth or decay of the transition
matrix depends on the properties of the characteristic multi-
plier [Eq. (14)]. Note that, in general, the characteristic expo-
nent cannot be determined uniquely since it is one of the
multiple solutions of the complex logarithm of the characteris-
tic multiplier, but this characteristic exponent will be invariant
under a similarity transformation.

For the stability, the eigenvalue equation of the characteris-
tic multiplier is put in the following form:

eBTx = AJC

Choosing ^ = \j/0 in Eq. (14) gives

(15)

(16)

This relation implies that the characteristic multiplier is equiv-
alent to the value of the transition matrix at the end of one
time period, regardless of initial time \l/0. Therefore, by exam-
ining the eigenvalues of the *(^o + T, \I/o), the blade stability
can be determined. Using Eq. (16), the eigenvalue equation
can therefore be rewritten in terms of the transition matrix,
such that

(17)

where the jc is generally the complex eigenvector. To solve this
eigenvalue equation, one needs to calculate the transition ma-
trix *(^0 + T, fa), which has a size of 2m x 2m if m normal
modes are used in the analysis. From Eq. (9), the transition
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matrix can be calculated using any linear differential equa-
tions solver, such as the Runge-Kutta, Adams-Bashforth, and
Adams predictor-corrector methods. In the present analysis,
the Adams predictor-corrector method with variable step size
is used.

Once $(\I/Q + T, \l/0) is calculated, the eigenvalue equation
(17) can be solved using any standard complex eigensystem
solver. The complex eigenvalue \k of the £th mode can be
written as

(18)

where the superscripts R and / denote the real and imaginary
parts of the eigenvalue. The otk and frequency uk of the Arth
mode are defined such that

-;<
= — tan (19)

It may be noted that blade damping is defined by ak with a
negative sign. The ctk measures the growth or decay of the kih
mode response. If ak is positive, the mode is unstable. If ak is
negative, the mode is stable. If ak is zero, the mode is neutral.
The uk represents the frequency of vibration. Since the inverse
tangent function is multivalued, one will get multivalues of
uk. Using constant coefficient approximations,17 the proper
value for uk is selected.

Stability Sensitivity Analysis
For stability sensitivity derivatives, a direct analytical ap-

proach10'11 is employed. Let us consider a general function F,
which depends on design variables D and blade response Y,
such as

F = F(D, Y(D)) (20)

The sensitivity derivatives of this function are calculated as

dF dF dF dY
J (21)

Letting ̂  = \l/0 and using the definition of the transition ma-
trix in Eq. (10), the initial conditions for the derivatives of the
transition matrix are derived as

• = 0 , y = l, . . . , /i
dp/-

Rewriting the linear differential equations for the derivatives
of the transition matrix, one would obtain

dfr

dfr
dA

d*

A 0

~,— A

dA

0

0
dA

dA

d*

(25)

and the initial conditions are

dfr
dA

d*

(26)

Note that differential operators d/d\l/ and d/dDj are inter-
changeable. The transition matrix and its derivatives with
respect to design variables can be calculated for any ^ from
the preceding linear differential equations using the Adams
predictor-corrector method.

The eigenvalue equation in Eq. (17) is associated with the
transition matrix. The derivatives of eigenvalues can be ex-
pressed in terms of the transition matrix. By differentiating
the eigenvalue equation with respect to design variables, the
following relation is obtained:

d\k d* dxk (27)

The function F can be any of the blade loads, hub loads, or
eigenvalues

For the sensitivity derivatives, a finite-difference approach
is more commonly adopted. The finite-difference approach is
easy to implement but requires considerable computation
time. Also, the selection of proper step size is often not easy.
The analytical approach requires explicit expressions but re-
duces the computation time substantially. This analytical ap-
proach appears to have great potential for complex rotorcraft
optimization problems. In the present study, both approaches
are implemented.

The stability sensitivity derivatives are obtained using Flo-
quet transition matrix theory. By simply differentiating Eq.
(9) with respect to design variables, linear differential equa-
tions for the derivatives of the transition matrix are given in
the following form:

d* d* dA
~ + ' (22)

Differentiating the path independence property of the transi-
tion matrix [Eq. (11)] with respect to design variables, one
would obtain the following equation:

(23)
dA

It is noted that the second term in the righthand side is
dropped out due to Eq. (17). Premultiplying both sides of Eq.
(27) by yl, where the yk is the left eignevector of Eq. (17) and
satisfies

yk$ = \kyk (28)

one would obtain the derivatives of the kth eigenvalue as
follows:

T

~
T,

dDj

where

yfxk = i

(29)

(30)

After the eigenvalue derivatives are calculated, the stability
derivatives can be obtained by simply differentiating otk with
respect to design variables. Therefore, by differentiating Eq.
(19), the derivatives of otk are given as

do* dA
(31)

where the period T is chosen as 2?r.
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Fig. 1 Steady flap response at tip.
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Fig. 2a Fundamental lag mode damping.

Results and Discussion
A stability sensitivity analysis is carried out on a four-

bladed hingeless rotor, Lock number 7 = 5.5, solidity ratio
a = 0.07, thrust level cw/a = 0.07, blade aspect ratio cl
R =0.055, zero precone, and zero pretwist. The chordwise
offsets of blade center of gravity, aerodynamic center, and
tensile axis from the elastic axis (yQt ed, and eA) are assumed to
be zero for the baseline configuration. The fuselage e.g. lies on
the shaft axis (XCc = YCG = 0) and is located at a distance of
Q.2R below the rotor hub center. The fuselage drag coefficient
in terms of flat-plate area, i.e.,//xR2, is taken as 0.01. The
airfoil characteristics used are

c( = 2-KCL, cd = 0.01, cm = 0.0

For the baseline blade configuration (soft in-plane), the struc-
tural properties of the uniform blade are given in Table 1.
These structural properties are chosen such that the desired
rotating frequencies are obtained. The fundamental flap, lag,
and torsional frequencies are 1.13/rev, 0.70/rev, and 4.477
rev, respectively. The numerical results are calculated for an
advance ratio of 0.3, unless otherwise specified.

For the analysis, the blade is discretized into 5 beam ele-
ments of equal length, and each beam element consists of 15
nodal degrees of freedom. For the calculation of blade steady
response, 8 coupled rotating natural modes (2 flap, 2 lag, 2
torsion, and 2 axial modes) are used. For the periodic re-
sponse, one cycle of time is discretized into 6 time elements,
and each time element is described by a quartic Lagrange
polynomial distribution along the azimuth for motion. For the
stability calculation, 2 flap, 2 lag, and 2 torsion modes are
used because axial modes do not appear to have any important
influence on blade stability. These modes are obtained about
the mean deflected position of the blade. This modeling ap-
proximation yields satisfactory converged results.

Design parameters are considered nonstructural mass mns,
chordwise offset of nonstructural mass yns, blade e.g. offset
>>o> and blade flap bending stiffness (EIy), lag bending stiffness
(EIZ), and torsional stiffness (GJ). Design variables are selected
among these design parameters. Furthermore, design variables
have span wise variations. Therefore, a total of 30 design vari-
ables for 5 beam elements are involved in the analysis.

For the coupled trim solution, couplings between the rotor
and fuselage are included whereas, for the uncoupled trim
solution, the rotor is isolated from the fuselage in the analysis.
Figure 1 shows the blade steady flap response at the tip for an
advance ratio of 0.3. The steady lag and torsional tip re-
sponses are found to have small differences between the two
trim solutions. However, there is a considerable difference in
the steady flap response. The result obtained by the coupled
trim analysis shows primarily 2/rev flap response, whereas the

Q
I

s«x

1 -3
E

--- Uncoupled Trim
— Coupled Trim

Flap Mode

Torsion Mode

0 .1 .2 .3
Advance Ratio /LL

Fig. 2b Fundamental flap and torsion mode dampings.

result obtained using the uncoupled trim analysis shows a
substantial I/rev flap response. For a trimmed solution, there
is no unbalanced force or moment acting on the hub. The lag
and torsion responses consist primarily of I/rev amplitudes,
whereas the flap response is dominated by 2/rev amplitudes.
Figure 2 presents the lag, flap, and torsion mode stability
results for different advance ratios. Blade damping is repre-
sented in terms of the real part of the complex eigenvalue with
a negative sign. It is also referred to as decay rate, which is a
product of viscous damping and natural frequency. For the
low damped lag mode stability, there is about an 8% reduction
in the lag damping at & = 0.3 with the coupled trim solution.
The flap mode damping shows comparatively less influence.
For the torsion mode stability, a 13% increase in the torsion
damping occurs at an advance ratio p of 0.3 with the coupled
trim solution. For /A > 0.3, the influences become larger for all
these modes.

To calculate sensitivity derivatives, two approaches are
used: finite-difference and direct analytical approaches. For
the finite difference, a central-difference scheme with 3%
perturbations on either side of the baseline value is used. In
Fig. 3, sensitivity derivatives of blade dampings obtained by
finite-difference and analytical approaches are compared.
These derivatives of blade damping with respect to design
variables are evaluated at the midspan location. The numerical
results obtained by these two approaches show identical
trends.

Figure 4 shows CPU time on a UNISYS 1100/90 for the
calculation of sensitivity derivatives of blade steady response,
oscillatory hub loads, and blade dampings using finite-differ-
ence and direct analytical approaches. The CPU time required
for the finite-difference approach increases linearly with re-
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Fig. 4 CPU time for sensitivity analysis.

spect to a number of design variables, whereas it is barely
increased by the use of the analytical method. For 30 design
variables, there is about an 85% reduction in the CPU time
when the direct analytical approach is used. The efficiency of
this analytical approach indicates great potential for the rotor
optimization problems.

To examine the sensitivity of blade damping to each design
parameter, a systematic parametric study is presented. For
nonstructural mass, there are two variables involved: non-
structural mass mns and its chordwise offset yns. For these
parameters, centrifugal stiffening and inertial effects are in-
volved. The Coriolis effect is also involved. These effects
sometimes work against each other and hence make the inter-
pretation of the results more difficult. Figure 5 shows the
effects of nonstructural mass on stability of the lag, flap, and
torsion modes. For this, a nonstructural mass of 5% blade
weight is placed at various spanwise and chordwise locations.
As expected, the effect of nonstructural mass becomes impor-
tant for outboard elements. For the lag and flap modes, the
addition of a nonstructural mass decreases damping, whereas
the effect is small for the torsion mode. Adding a nonstruc-
tural mass not only increases the mass of the blade but also
shifts the blade e.g. The chordwise blade e.g. offset from the
elastic axis would result in coupling between the torsion and
flap responses. In addition, the lag response is also coupled
with these responses due to Coriolis effect. By suitable place-
ment of a nonstructural mass, one can obtain favorable effects
from these couplings. Placing a nonstructural mass at the 90%
spanwise location shows a reduction in lag mode damping of
21% and in the flap mode damping of 19% from the baseline
value. Placing a nonstructural mass at various chordwise loca-
tions has a negligible influence on the lag mode stability but

has some influence on the flap mode stability. An aft location
(say 35% chord) is more favorable than the forward location.
For the 90% spanwise location, placing a nonstructural mass
at the 35% chordwise position can increase the flap mode
damping by 5% from the one obtained by placing it at the
15% chordwise position. For the torsion mode, the forward
location of a nonstructural mass is generally favorable (see
Fig. 5c). For example, near the blade tip (90% span), the
placement of a nonstructural mass at the 15% chord location
increases the torsion damping by 6% from the baseline value
whereas, at the 35% chord location, it decreases damping by
18%. From these results, it is quite clear that the location of
nonstructural mass, spanwise and chordwise, has some influ-
ence on blade stability.

.012

O

I

O

.01

< .008
O

Q
O

.006

O

.004

-A— 15% chord
-0— 25% chord
-D— 35% chord

Baseline

.2 .4 .6 .8
Spanwise Location (x/R)

oz
Q_

Q

Ld
O
O
2
Q_

—A— 15% chord
—0— 25% chord
—D— 35% chord

Baseline

b)
.2 .4 .6 .8

Spanwise Location (x/R)

O

<
Q

O
O

o
toa:
O

—A— 15% chord
—0— 25% chord
—D— 35% chord

Baseline

_ STABLE

C)

.2 .4 .6 .8 1
Spanwise Location (x/R)

Fig. 5 Effect of nonstructural mass.
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Figure 6 shows the effects of blade e.g. offset from the
elastic axis on the lag, flap, and torsion modes stability. The
elastic axis is assumed to coincide with the aerodynamic center
(quarter-chord position). The chordwise blade e.g. offset is
shifted forward (positive) or aft (negative) from the elastic
axis, uniformly along the blade span. The mass is considered
fixed as a baseline blade mass. The e.g. offset induces cou-
pling between the torsion and flap responses. A forward shift
of blade e.g. (ahead of quarter-chord) increases damping of
the lag and torsion modes but reduces damping of the flap
mode. With an aft location of the blade e.g., the opposite
happens. For example, placing blade e.g. at the 35% chord
location dampings of the lag and torsion modes are reduced by
11% and 88%, respectively, from the baseline values, whereas
damping of the flap mode is increased by 32%. For the torsion

mode, an aft position of the e.g. near the blade tip can result
in static instability. From these results, it is clear that the blade
e.g. offset has a powerful effect on blade stability.

Figure 7 shows the effects of blade bending stiffnesses on
stability. For this, the bending stiffnesses are changed uni-
formly along the blade span. In reality, increasing stiffness is
generally accompanied by an increase in rotor weight; how-
ever, for our calculations, weight is considered fixed. The
variation in lag bending stiffness has an appreciable influence
on the lag mode damping; with a 30% increase in lag bending
stiffness, a 35% increase in the lag mode damping can be
achieved. Lag mode damping is reduced with a decrease in lag
bending stiffness and with an increase in flap bending and
torsional stiffness. Flap mode damping is less sensitive to
blade bending stiffness. Torsional mode damping is compara-
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Fig. 6 Effect of blade center of gravity offset. Fig. 7 Effect of blade bending stiffness.
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tively less sensitive to flap bending and torsional stiffness than
lag bending stiffness, however, and its influence is small.

In Fig. 8, the sensitivity derivatives of dampings with re-
spect to design variables at different spanwise location are
shown. By examining the magnitude of the derivatives, the
sensitivity (local) to each design variable can be studied. For
effective examination of the influence of nonstructural mass
parameters, the sensitivity derivatives with respect to non-
structural mass and its chord wise offset are evaluated for a
nonstructural mass of 5% blade mass uniformly distributed
along the elastic axis. As expected, the influence of inertial
parameters mns, yns, and yQ on blade damping becomes larger
for outboard elements (blade tip), whereas the influence of
stiffness parameters EIy, EIZ, and GJ on damping becomes
generally larger for inboard elements (blade root). Lag mode

-01

o
I

a)
4 3 2

Beam Element

damping is quite sensitive to nonstructural mass, blade e.g.
offset, and lag bending stiffness; similar trends are observed in
Figs. 5a, 6a, and la. For the flap mode, the largest influence
on blade damping is due to the nonstructural mass and blade
e.g. offset, and the influence of stiffness parameters is com-
paratively small; again, it confirms earlier observations made
in Figs. 5b and 6b. For the torsion mode, the largest influence
on the damping is due to the blade e.g. offset (refer to Fig. 6c),
and the influence of nonstructural mass is comparatively
small. The influence of lag bending and flap bending stiffness
on the torsion mode damping becomes larger for the outboard
elements, and the influence of torsional stiffness on the tor-
sion damping is small.

Conclusions
Based on the results described here, the following conclu-

sions are made:
1) A direct analytical approach is used successfully to calcu-

late the stability sensitivity derivatives and shows a substantial
reduction in CPU time compared to the finite-difference ap-
proach. (An 85% reduction in CPU time can be achieved by
using a direct analytical approach.)

2) Lag mode damping is sensitive to nonstructural mass,
blade e.g. offset, and lag bending stiffness; adding a nonstruc-
tural mass at outboard elements, an aft shift of the blade e.g.
for outboard elements, and softening of lag bending stiffness
for inboard elements decrease the lag damping considerably.

3) Flap mode damping is sensitive to nonstructural mass
and blade e.g. offset; addition of a nonstructural mass at
outboard elements and a forward shift of the blade e.g. for
outboard elements decrease the flap damping considerably.

4) Torsion mode damping is sensitive to blade e.g. offset;
an aft shift of the blade e.g. for outboard elements can result
in static instability.
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Beam Element
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Fig. 8 Derivatives: a) of lag mode damping; b) of flap mode
damping; c) of torsion mode damping.
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